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Abstract
In this paper we prove the semialgebraic version of Palais’ covering homotopy theorem, and use this to prove Bredon’s covering
mapping cylinder conjecture positively in the semialgebraic category. Bredon’s conjecture was originally stated in the topological
category, and a topological version of our semialgebraic proof of the conjecture answers the original topological conjecture for
topological G-spaces over “simplicial” mapping cylinders.
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1. Introduction
Palais proved the following covering homotopy theorem, and used it in [13] for the classification of G-spaces with
a fixed orbit space in a similar way to the classification of bundles using homotopies.
Theorem 1.1. ([13] or [2, II.7.3]) Let G be a compact Lie group and let X and Y be G-spaces. Assume that every
open subspace of X/G is paracompact. Let f :X → Y be a G-map with the induced map f ′ :X/G → Y/G between
the orbit spaces. Let F ′ :X/G × I → Y/G be an orbit structure preserving homotopy of f ′. Then there exists a
G-equivariant homotopy F :X × I → Y of f which covers F ′, i.e., πY ◦ F = F ′ ◦ πX×I , where πY :Y → Y/G and
πX×I :X × I → X/G× I are the orbit maps.
The first aim of this paper is to prove the above theorem in the semialgebraic category. The class of semial-
gebraic sets in Rn is the smallest collection of subsets containing all subsets of the form {x ∈ Rn | p(x) > 0} for
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A map f :M → N between semialgebraic sets M (⊂ Rm) and N (⊂ Rn) is called a semialgebraic map if its graph is
a semialgebraic set in Rm ×Rn. From now on we impose “Euclidean topology” on semialgebraic sets and mainly con-
sider continuous semialgebraic maps. Semialgebraic homotopies can be easily defined, so are semialgebraic groups
and semialgebraic G-sets. The first main theorem of this paper is the following semialgebraic covering homotopy
theorem.
Theorem 1.2. Let G be a compact semialgebraic group and let X and Y be semialgebraic G-sets. Let f :X →
Y be a continuous semialgebraic G-map with the induced semialgebraic map f ′ :X/G → Y/G between the orbit
spaces. Let F ′ :X/G × I → Y/G be an orbit structure preserving semialgebraic homotopy of f ′. Then there exists
a semialgebraic G-homotopy F :X × I → Y of f which covers F ′.
This theorem is stated and proved in a stronger form in Theorem 4.5 which is the relative version of the theorem.
Since the relative version of the covering homotopy theorem in the semialgebraic category is true, it seems natural
to ask what happens in the topological category, but the authors could not find any place where the relative covering
homotopy theorem in the topological category is either mentioned or proved. Even though the topological category
is not our main concern here, we give a proof of the relative covering homotopy theorem in the topological category
(Theorem A.3) in Appendix A for the sake of completeness.
The condition of “orbit structure preserving” in Theorem 1.1 might be too strong to handle general G-spaces. So
Bredon tried to weaken the condition, and conjectured the following.
Covering Mapping Cylinder Conjecture. [2, p. 98] Let G be a compact Lie group, and W a compact G-space.
Suppose that W/G has the form of a mapping cylinder with orbit structure constant along generators of the cylinder
less the base. Then W is G-homeomorphic to a mapping cylinder of a G-map inducing the given mapping cylinder
structure on W/G.
Even for the simplest case when W/G is conic, only partial results are known, see [2, Section II.8]. The main
object of this paper is to prove the conjecture in the semialgebraic category. Namely, we have the following theorem.
Theorem 1.3. Let G be a compact semialgebraic group, and W a semialgebraic G-set. Suppose the orbit space
W/G has the form of a semialgebraic mapping cylinder defined by a semialgebraically proper map with the orbit
structure constant along generators of the cylinder less the base. Then W is semialgebraically G-homeomorphic
to a semialgebraic mapping cylinder of a semialgebraically proper G-map which induces the given semialgebraic
mapping cylinder structure on W/G.
Note that compactness of W in the covering mapping cylinder conjecture is replaced by semialgebraic properness
of a semialgebraic G-map in the theorem. A semialgebraic map is said to be semialgebraically proper if the inverse
image of every compact semialgebraic subset is compact. Semialgebraic properness is needed to define a semial-
gebraic mapping cylinder, see Theorem 2.5, Corollary 2.7 or [3]. Since Theorem 1.3 contains the case when W is
compact, it answers the covering mapping cylinder conjecture positively for wider class of spaces than the original
conjecture in the semialgebraic category.
Even though the semialgebraic category is more restrictive than the topological category, it is sufficiently wide
enough to contain many familiar spaces. For instance, every compact smooth G-manifold with or without boundary
is G-homeomorphic (in fact G-diffeomorphic) to a semialgebraic G-set (Nash G-manifold), see Remark 2.3.
The proof of Theorem 1.3 uses the relative covering homotopy theorem and its proof (Theorem 4.5), which is
the relative version of Theorem 1.2. Usually a result which holds for the absolute case can easily be extended to the
relative case for NDR-pairs. However in our situation of Theorem 4.5, a deformation retract of a closed G-invariant
neighborhood of a G-subset A of M is hardly “orbit structure preserving”. Therefore instead of extending the result
of the absolute case, we directly prove the relative covering homotopy theorem (Theorem 4.5), and then the absolute
case (Theorem 1.2) follows as a special case. In order to prove Theorem 4.5 we need the slice theorem. The existence
of semialgebraic slice is established in [4]. However we need a modified version suitable for the relative case, which
are obtained in Corollary 3.5 for the semialgebraic category and Lemma A.1 for the topological category.
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compatible with the orbit structure, whose existence is guaranteed by Theorem 2.2 in the semialgebraic category.
The remaining steps of the proof consists of a lot of constructions of semialgebraic G-maps using induction on the
dimension of skeleta. These steps require special care because we need to construct all the maps to be semialgebraic.
However these steps can be obtained without any further work if we only require all the maps to be continuous,
not necessarily semialgebraic. Hence if we consider Bredon’s original conjecture in topological sense, our proof of
Theorem 1.3 is still valid once we assume the existence of open simplicial complex structure on the orbit space com-
patible with the orbit structure. Therefore we have the following corollary which is a topological result on Bredon’s
conjecture. For a topological G-space W its orbit space W/G is said to have the form of a simplicial mapping cylin-
der compatible with the orbit structure if W/G is homeomorphic to the space B × I ∪f B1 where B and B1 are
topological spaces having simplicial complex structures, with the orbit type of each open simplex being constant and
f :B × {1} → B1 is a simplicial map.
Corollary 1.4. Let G be a compact Lie group, and W a compact topological G-space. Suppose W/G has the form of
a simplicial mapping cylinder compatible with orbit structure where the orbit structure is constant along generators
of the cylinder less the base. Then W is G-homeomorphic to a mapping cylinder of a G-map inducing the given
mapping cylinder structure on W/G.
This paper is organized as follows: In Section 2 we shall review some background materials from the semialgebraic
category. It also contains some definitions and properties related to semialgebraic G-spaces and semialgebraic orbit
spaces. In Section 3 some results about semialgebraic retraction are proved together with Corollary 3.5, a modified
version of the slice theorem, which provides a key technic in this paper. In Section 4 the relative covering homotopy
theorem (Theorem 4.5) is proved, and then Theorem 1.2 follows as a special case. In Section 5 we give the proof of
Theorem 1.3. In Appendix A we give the proof of relative covering homotopy theorem in the topological category
(Theorem A.3) which is a relative version of Theorem 1.1.
2. Preliminaries
In this section we introduce some facts about semialgebraic G-sets. For the nonequivariant theory of semialgebraic
sets we refer the reader to [1,6]. For some of equivariant theory of semialgebraic sets we refer the reader to [4,14].
2.1. Semialgebraic sets
First we gather some properties concerning semialgebraic sets and maps without proofs, which will be used in this
paper. For the details, we refer the reader to [1, Chapter 2].
Proposition 2.1.
(1) Every semialgebraic set has a finite number of connected components, which are also semialgebraic.
(2) Composition of two semialgebraic maps is semialgebraic.
(3) Let f :X → Y be a semialgebraic map. If A ⊂ X is semialgebraic, then its image f (A) is semialgebraic. (This
is called the Tarski–Seidenberg principle.) If B ⊂ Y is semialgebraic, then its inverse image f−1(B) is semialge-
braic.
(4) If A ⊂ X is semialgebraic, then the closure A and the interior ˚A in X are all semialgebraic.
(5) Let f :X → Q and g :X → Y be semialgebraic. Assume f is surjective. If h :Q → Y is a map such that h◦f = g,
then h is semialgebraic.
X
g
f
Q
h
Y
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points of Rm. The n-simplex 〈a0, . . . , an〉 spanned by a0, . . . , an is defined by
〈a0, . . . , an〉 =
{
n∑
i=0
tiai ∈ Rm
∣∣∣∣ n∑
i=0
ti = 1, ti  0
}
.
The open n-simplex (a0, . . . , an) spanned by a0, . . . , an is defined by
(a0, . . . , an) =
{
n∑
i=0
tiai ∈ Rm
∣∣∣∣ n∑
i=0
ti = 1, ti > 0
}
.
Note that the open 0-simplex (a) is equal to 〈a〉 from the definition. Clearly both 〈a0, . . . , an〉 and (a0, . . . , an) are
semialgebraic sets in Rm.
A finite open simplicial complex (K, (σi | i ∈ I )) is defined as a subset of some Rm equipped with a partition
(σi | i ∈ I ) composed of a finite number of open simplices σi in Rm, such that the intersection σ¯i ∩ σ¯j of the closures
of any two open simplices σi and σj is either empty or a common face of σ¯i and σ¯j . Thus a finite open simplicial
complex L is obtained by deleting some open simplices from a “usual” finite simplicial complex. The following
theorem can be seen in many places, for instance, [5, Section 2], [1, Chapter 9] (as classical references, see [9] for
semi-analytic sets and [8] for algebraic sets).
Theorem 2.2. Let M be a semialgebraic set, and let M1, . . . ,Mk be semialgebraic subsets of M . Then there exist
a finite open simplicial complex K and a semialgebraic homeomorphism τ : |K| → M such that each Mi is a finite
union of some of the τ(σ ), where σ is an open simplex of K .
2.2. Semialgebraic G-sets
The definition of a semialgebraic group is similar to that of a Lie group, i.e., a semialgebraic set G ⊂ Rn is called
a semialgebraic group if it is a topological group such that the group multiplication and the inversion are continuous
and semialgebraic. Note that every compact semialgebraic group has a Lie group structure (in fact, it is Nash, see
[15]). Conversely, every compact Lie group has a semialgebraic group structure (in fact, it is algebraic, see [11]).
By a semialgebraic transformation group we mean a triple (G,M,θ), where G is a semialgebraic group, M is
a semialgebraic set, and θ :G×M → M is a continuous semialgebraic map such that
(1) θ(g, θ(h, x)) = θ(gh, x) for all g,h ∈ G and x ∈ M ;
(2) θ(e, x) = x for all x ∈ M , where e is the identity of G.
In this case M is called a semialgebraic G-set. As usual we shortly write gx for θ(g, x). A semialgebraic G-subset
of a semialgebraic G-set M is a G-invariant semialgebraic subset of M . A continuous semialgebraic map f :M → N
between semialgebraic G-sets is called a semialgebraic G-map if it is equivariant, i.e., f (gx) = gf (x) for all g ∈ G
and x ∈ M .
Remark 2.3. Every compact differentiable manifold (with or without boundary) with a smooth action of a compact
Lie group is equivariantly diffeomorphic to a semialgebraic G-manifold. This can be shown as follows. Palais proved
in [12] that every differentiable manifold with a smooth action of a compact Lie group can be embedded smoothly
in a G-representation space. Now, every smooth G-manifold in a representation space is G-diffeomorphic to a Nash
G-manifold, whose proof is just a mimic of the nonequivariant version of Nash’s theorem [1, 14.1.8]. Here, Nash
means semialgebraic and smooth. So the emphasized statement is verified.
2.3. Semialgebraic quotients and orbit types
A continuous semialgebraic map f :X → Y is called semialgebraically proper if f−1(C) is compact for every
compact semialgebraic subset C of Y . Since C should be semialgebraic in the definition, this notion is weaker than
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is semialgebraically closed if f maps every closed semialgebraic subset of X to a closed semialgebraic subset of Y .
The fact that properness implies closedness for a map between first-countable topological spaces is still valid in the
semialgebraic category as in the following proposition.
Proposition 2.4. A semialgebraically proper map is semialgebraically closed.
Proof. In general the role of sequences for topological spaces can be replaced by the curve selection lemma [1,
Theorem 2.5.5] for semialgebraic sets which states that if a point x is contained in the closure of a semialgebraic set
T ⊂ Rn then there exists a continuous semialgebraic curve α : [0,1] → Rn such that α(0) = x and α((0,1]) ⊂ T . Now
suppose f :X → Y (Y ⊂ Rn) is a given semialgebraically proper map and suppose A is a closed subset of X. We want
to show that f (A) is closed. On the contrary, suppose we have y ∈ f (A) − f (A). Using the curve selection lemma,
choose a continuous semialgebraic curve α : [0,1] → Y such that α(0) = y and α((0,1]) ⊂ f (A). Since α([0,1]) is a
compact semialgebraic subset of Y and f is semialgebraically proper, f−1(α([0,1])) is compact. On the other hand,
A ∩ f−1(α([0,1])) is compact which is mapped to α((0,1]) by f , thus it leads to the fact that α((0,1]) is compact,
which is absurd since α((0,1]) is not closed in Y . 
For more additional properties of semialgebraically proper maps we refer the reader to [3] or [6]. With this notion,
Brumfiel proved the following theorem.
Theorem 2.5. [3, Theorem 1.4] Let E ⊂ M × M be a closed semialgebraic equivalence relation of M such that the
projection π1 :E → M is semialgebraically proper. Then there exists a semialgebraic quotient structure M/E, i.e.,
that M/E is a semialgebraic set and the quotient map is continuous semialgebraic.
As special cases, we clearly have the following:
Corollary 2.6. Let G be a compact semialgebraic group and let M be a semialgebraic G-set, then M/G is a semial-
gebraic set and the orbit map is continuous semialgebraic.
Corollary 2.7. Let ϕ :A ⊂ X → Y be a semialgebraically proper map where A is a closed semialgebraic subset of X.
Then there exits a semialgebraic attaching X ∪ϕ Y .
Let G be a compact semialgebraic group. For a semialgebraic G-set M and a point x of M we can associate an
orbit type (G/Gx) which is denoted by type(G/Gx). We say x, y ∈ M have the same orbit type if Gy is conjugate
to Gx . We call the association x → type(G/Gx) the orbit structure of M .
We have the following proposition.
Proposition 2.8. ([14, Theorem 3.2], [4, Theorem 2.6]) Let G be a compact semialgebraic group. Every semialgebraic
G-set has finitely many orbit types.
The association x ∈ M to its orbit type type(G/Gx) naturally induces an association x¯ ∈ M/G to type(G/Gx),
and we understand it as an orbit structure of the orbit space M/G unless specified otherwise.
2.4. Semialgebraic slices
The existence of slices plays an important role in the development of transformation group theory. There is a similar
result in the semialgebraic theory as follows.
Theorem 2.9. [4, Theorem 1.1] Let G be a compact semialgebraic group and M a semialgebraic G-set. Then
(1) for each x ∈ M , there is a semialgebraic Gx -slice S at x, and
(2) M can be covered by a finite number of semialgebraic G-tubes.
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property in the above theorem is needed in attaching neighborhoods or maps in the semialgebraic category.
Note that the definition of a semialgebraic fiber bundle is analogous to that of the bundles in other categories,
except that we require finiteness of the covering of locally trivial open sets in the semialgebraic category.
Corollary 2.10. Let M be a semialgebraic G-set. If M has one orbit type, then the orbit map M → M/G is a semi-
algebraic fiber bundle.
Proof. Since M has one orbit type, each semialgebraic G-tube has the form G ×H A and H acts trivially on A, see
the proof of Theorem 5.8 of Chapter II of [2]. Therefore each semialgebraic G-tube defines a trivial bundle over A
with G/H as the fiber. By Theorem 2.9 M can be covered by finitely many semialgebraic G-tubes. Hence M → M/G
has a semialgebraic bundle structure. 
The above corollary directly implies the following corollary as in the theory of topological bundles.
Corollary 2.11. Let M be a semialgebraic G-set. If M has one orbit type, then the orbit map π :M → M/G is
a semialgebraic fibration, that is, the following commutative diagram can always be completed in the semialgebraic
category.
X × {0} M
π
X × I M/G
3. Some results about semialgebraic retractions
In this section we give some results which will be used in later sections. Especially, Proposition 3.4 and Corol-
lary 3.5 are key results in this section.
First we work on a semialgebraic set X without group actions. Recall that a function f :X → R is lower (respec-
tively upper) semi-continuous if the set {x ∈ X | f (x) > a} (respectively {x ∈ X | f (x) < a}) is open for all a ∈ R.
Lemma 3.1. Let X be a semialgebraic set, and let f :X → R (respectively g :X → R) be a lower (respectively
upper) semi-continuous semialgebraic function such that g(x) f (x) for all x ∈ X. Then there exists a continuous
semialgebraic function h :X → R such that g(x)  h(x)  f (x) for all x ∈ X. Moreover, we can find h so that
g(x) < h(x) < f (x) whenever g(x) < f (x).
In the topological category, the similar result is proved if M is paracompact, see [10].
Proof. We can choose a semialgebraic open triangulation (K, τ) of X such that both f and g are continuous over
the interior of each simplex of K. Indeed, we can see this as follows. By the local triviality theorem for semialgebraic
maps [1, Theorem 9.3.2], there exists a finite cover {Xfi } of semialgebraic subsets of X such that for the projection
p :G(f ) = {(x, y) ∈ X × R | y = f (x)} → X, (x, y) → x, the inverse image p−1(Xfi ) is semialgebraically homeo-
morphic to Xfi × p−1(bi) for some bi ∈ Xfi . (Here, we applied the local triviality theorem to the map p :G(f ) → X
instead of f to achieve the continuity of the map p which is needed in the theorem.) Let p−1(bi) = {yi}. Then clearly
f is continuous on each Xfi since f (x) = π2 ◦Ψ−1(x, yi) where Ψ :p−1(Xfi ) → Xfi ×p−1(bi) is the semialgebraic
homeomorphism obtained by the local triviality theorem and π2 :G(f ) → R is the projection. Similarly we can find
such {Xgj } corresponding to the function g. If we choose a semialgebraic open triangulation (K, τ) of M compatible
with the finite collection {Xfi } ∪ {Xgj }, then we are done.
We construct the desired function h :X → R by the induction on the skeleta of K . Assume that a continuous
function h1 :K(n−1) → R is defined such that g(x) h1(x) f (x) for all x ∈ |K(n−1)| and g(x) < h1(x) < f (x) if
g(x) = f (x). Let δ be an n-dimensional simplex of K which is closed in K . (Since we are working with a finite open
simplicial complex, δ may not be compact.)
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h1 : ∂δ → R where ∂δ means the boundary of δ.
First construct a lower semi-continuous semialgebraic function f ′ : δ → R and an upper semi-continuous semial-
gebraic function g′ : δ → R so that g(x)  g′(x)  f ′(x)  f (x) for all x ∈ δ and all the inequalities become strict
if g(x) = f (x). For this aim, let α : ˚δ → (0,∞) be a continuous semialgebraic function such that it vanishes when it
approaches the boundary of δ, e.g., α(x) = dist(x, ∂δ) for x ∈ ˚δ, where ˚δ is the interior of δ. Define α′ : ˚δ → [0,∞)
by α′(x) = min(α(x), (f − g)(x)/3) for x ∈ ˚δ, then α′ is continuous in the interior of δ and vanishes when it ap-
proaches the boundary of δ. Thus it extends continuously over δ. Define f ′, g′ : δ → R by f ′(x) = f (x) − α′(x) and
g′(x) = g(x)+ α′(x) for x ∈ δ.
Finally let us construct h : δ → R such that g′(x)  h(x)  f ′(x). By the semialgebraic version of the Tietze
extension theorem [7, Theorem 3] the continuous semialgebraic function h1 : ∂δ → R has a continuous semialgebraic
extension h2 : δ → R. Since h2 is the extension of h1 it satisfies the inequality in the boundary of δ, i.e.,
g′(x) h2(x) f ′(x) for all x ∈ ∂δ.
We now modify h2 so that it satisfies the inequality over all δ. Let f˜ = min(f ′, h2) and let g˜ = max(g′, h2). We claim
that both f˜ and g˜ are continuous. We only prove that f˜ is continuous, and the g˜ can be shown similarly. Since both f ′
and h2 are continuous in the interior of δ, so is f˜ . Thus we have to show that f˜ is continuous at points in the boundary
of δ. So fix an x ∈ ∂δ. For a given a < f˜ (x) < b, let us show that {y ∈ δ | a < f˜ (y) < b} contains a neighborhood
of x. Note that{
y ∈ δ | min(h2, f ′)(y) > a
}= {y ∈ δ | h2(y) > a}∩ {y ∈ δ | f ′(y) > a}, (1){
y ∈ δ | min(h2, f ′)(y) < b
}= {y ∈ δ | h2(y) < b}∪ {y ∈ δ | f ′(y) < b}. (2)
Eq. (1) is open since both h2 and f ′ are lower semi-continuous. On the other hand, (2) contains a neighborhood of x
since the open set {y ∈ δ | h2(y) < b} contains x. Since {y ∈ δ | a < f˜ (y) < b} is the intersection of (1) and (2), f˜ is
continuous at x, thus over all δ.
It is obvious that f˜  f ′. Take h = max(g′, f˜ ), then h is continuous by the same reason as above since g′ is upper
semi-continuous and f˜ is continuous. It is immediate that h satisfies the inequality g  g′  h  f ′  f . From the
definition of f ′ and g′, if f (x) < g(x), then f (x) < h(x) < g(x). 
Lemma 3.2. Let X be a semialgebraic set and A a closed semialgebraic subset of X. Suppose that A is a semialgebraic
strong deformation retract of X. Then for a given semialgebraic neighborhood U of A there is a closed semialgebraic
neighborhood N of A contained in U with a continuous semialgebraic map ρ :X → U such that ρ(x) = x for x ∈ N
and ρ(X −N) ⊂ U −N .
Proof. Let F :X × I → X be the homotopy corresponding to the strong deformation retract in the hypothesis of the
theorem. Let g :X → [0,1] be the semialgebraic function defined by
g(x) = inf{r ∈ [0,1] | F(x, t) ∈ U for all t ∈ (r,1]}.
Then, g is upper semi-continuous. For this, we need to show that for a given a the set {x ∈ X | g(x) < a} is open. For
x0 with g(x0) < a, choose b such that g(x0) < b < a. Then from the definition of g, F(x0, t) ∈ U for all t ∈ [b,1].
Since [b,1] is compact there exists a neighborhood V of x0 such that F(V × [b,1]) ⊂ U . Thus g(y) b < a for all
y ∈ V . This proves that {x ∈ X | g(x) < a} is open, and hence g is upper semi-continuous.
F(A × I ) = A ⊂ U . Since I is compact we can find a semialgebraic closed neighborhood N of A such that
F(N × I ) ⊂ U . Let f :X → [0,1] be the semialgebraic function defined by
f (x) = inf{r ∈ [g(x),1] | F(x, r) ∈ N}.
Since F(x,1) ∈ A ⊂ N for all x ∈ X, f is well defined. Note that g(x) = f (x) = 0 for x ∈ N and, for x /∈ N , since
F(x,g(x)) /∈ N , it follows that g(x) < f (x).
Now let us show that f is lower semi-continuous. First we show the fact on the open subset X − N . For a fixed
x0 /∈ N and for a given a such that g(x0) < a < f (x0), we shall show that {x ∈ X | a < f (x)} contains a neighborhood
of x0. Choose b, c ∈ [0,1] such that g(x0) < b < a < c < f (x0). Since g is upper semi-continuous, there exists a
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a neighborhood V ′ of x0 contained in V such that F(V ′ × [b, c])∩ N = ∅. This implies that if x ∈ V ′ then f (x) > a
and thus f is lower semi-continuous on X − N . Now since f (x) = 0 for x ∈ N , f is lower semi-continuous over
all X.
By Lemma 3.1 we can obtain a continuous semialgebraic function h such that g(x) h(x) f (x) for all x ∈ X
and the inequalities become strict whenever g(x) = f (x). Let ρ(x) = F(x,h(x)). Then ρ(x) = F(x,0) = x for all
x ∈ N and, for x /∈ N , ρ(x) = F(x,h(x)) ∈ U −N since g(x) < h(x) < f (x). 
Now let X be a semialgebraic G-set where G is a compact semialgebraic group. Proposition 3.4 will be used
several times in next sections in the course of induction argument.
Lemma 3.3. Let G be a compact semialgebraic group and let X and Y be semialgebraic G-sets. Let C ⊂ X be any
closed semialgebraic subset and let ϕ :C → Y be a continuous semialgebraic map such that whenever c and gc are
both in C (for some g ∈ G), then ϕ(gc) = gϕ(c). Then ϕ can be extended uniquely to a continuous semialgebraic
G-map ϕ′ of G(C) into Y .
Proof. The proof is a verbatim translation of Theorem I.3.3 in [2] to the semialgebraic category. 
Proposition 3.4. Let (B,A) be a pair of semialgebraic sets with A closed in B . Let (X,X−) be a pair of semialge-
braic G-sets having (B,A) as their semialgebraic orbit spaces with π : (X,X−) → (B,A) as the orbit map. Suppose
B is semialgebraically strongly deformation retractible onto A and each of the connected components of B − A is
semialgebraically contractible. Moreover, assume that the induced orbit structures of B −A is constant over its com-
ponents. Then, every semialgebraic G-map μA :X− → G/H can be extended equivariantly and semialgebraically to
μ :X → G/H .
Proof. By Corollary 2.10, π :X−X− → B−A is a semialgebraic bundle map. Since all of the connected components
of B −A are semialgebraically contractible, we can always find a semialgebraic section s defined on B −A. Without
loss of generality we assume that B −A is connected. Let type(G/K) be the orbit type occurred on X−X−. We may
assume K ⊂ H and we can assume s(B −A) lies in (X −X−)K since (X −X−)K → B −A is also can be seen as a
semialgebraic bundle map.
Let S = s(B −A) and consider its closure S in X with SA := X− ∩ S. We first construct a semialgebraic retraction
r :S → SA.
Let U˜ be a regular semialgebraic neighborhood of SA in S and let U = B − π(S − U˜ ), then π−1(U)∩ S = U˜ and
U is again a semialgebraic neighborhood of A, which immediately follows from Proposition 2.4 by the fact that G
is compact so the orbit map is semialgebraically proper. Since A is a semialgebraic strong deformation retract of B ,
from Lemma 3.4, we can find a smaller neighborhood N of A contained in U and a continuous semialgebraic map
Fig. 1. The construction of r .
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r ′ is defined by
r ′ =
{
s ◦ ρ ◦ π(x), x ∈ S − SA
x, x ∈ SA,
then the image of r ′ entirely lies in U˜ . On the other hand, since U˜ is a regular neighborhood of SA, there is a
semialgebraic retraction U˜ → SA. We compose the map r ′ :S → U˜ with the semialgebraic retraction U˜ → SA, then
we obtain a semialgebraic retraction r :S → SA, see Fig. 1.
Let μ′ :S ∪ X− → G/H be the semialgebraic map r ∪ μA. Since S ⊂ XK for K ⊂ H , by Lemma 3.3, we can
extend μ′ to a semialgebraic G-map μ :X = G(S ∪X−) → G/H μ(gx) = gμ′(x) for x ∈ S ∪X− and g ∈ G, which
completes the proof. 
Corollary 3.5. Let X be a semialgebraic G-set and X− a closed G-invariant semialgebraic subset of X. Suppose
a semialgebraic G-map μ− :X− → G/H is given where H is a semialgebraic subgroup of G. Then μ− can be
G-equivariantly extended to an open G-invariant semialgebraic neighborhood of X−.
Proof. Let (B,A) := (X/G,X−/G), and let μA := μ−. Let π denote the orbit map of X. Triangulate B compatible
with its orbit structure and A, more precisely, take M = B , M0 = A and Mi = X(Hi)/G in Theorem 2.2 where i
ranges the number of all orbit types occurring in X. Denote by K the finite open semialgebraic triangulation of B .
Then, from the construction of K , we know that the orbit structure of each simplex of K is constant on its interior.
We replace K by its barycentric subdivision. Under this situation, take a star neighborhood of A in K , i.e, let U
be a union of all open simplices of K which meet with A. Let U(k) denote the union of A with the kth skeleton
of U for 0  k  n = dimU . We shall successively extend μ0 = μA to μn defined on π−1(U) = π−1(U(n)). Note
that U(0) = A, and there is nothing to do in this case. Suppose we have constructed a semialgebraic G-extension
uk−1 :π−1(U(k−1)) → G/H . Since U(k) −U(k−1) is a union of k-dimensional open simplices of K thus components
of U(k) − U(k−1) have constant orbit structures, and since U(k) is strong deformation retractible to U(k−1), by the
above proposition, we can extend μk−1 to obtain μk . So, μA can be equivariantly and semialgebraically extended to
π−1(U), which completes the proof. 
The above corollary has a topological analogue which will be considered in Appendix A (Lemma A.1).
Remark 3.6. (1) If X− = G(x) for a point x ∈ X and μ− :G(x) → G/Gx is the natural G-map, then the corollary
implies the slice Theorem 2.9.
(2) Note that in the above proof the neighborhood is obtained by the inverse image of the star neighborhood of
A = X−/G in K which is the barycentric subdivision of a finite open simplicial complex of B = X/G compatible
with A and the orbit structure.
4. Covering homotopy theorem
In this section almost all the statements will be given as pairs of semialgebraic sets or semialgebraic G-sets. Here
we shall prove a relative form of Theorem 1.2 in Theorem 4.5.
Let X and Y be semialgebraic G-sets with the semialgebraic orbit spaces X/G and Y/G, respectively. If f :X → Y
is a semialgebraic G-map over a semialgebraic map f ′ :X/G → Y/G commuting with their orbit maps as in the
following diagram:
X
f
Y
X/G
f ′
Y/G
we say that f covers f ′.
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algebraic map f ′ :X/G → Y/G. Then,
(1) f is surjective if and only if f ′ is surjective.
(2) f is semialgebraically proper if and only if f ′ is semialgebraically proper.
(3) If f ′ preserves the orbit structures, then f is a semialgebraic G-homeomorphism if and only if f ′ is a semialge-
braic homeomorphism.
Proof. (1) is clear from the fact that type(f (x)) type(x).
(2) follows from the properness of the orbit maps [2, Theorem I.3.1] and the Tarski–Seidenberg principal of Propo-
sition 2.1.
Now suppose f ′ preserves the orbit structures. It is clear that f is bijective if and only if f ′ is bijective. If either f
or f ′ is a homeomorphism then it is semialgebraically proper and the other one is semialgebraically proper by (2) and
thus semialgebraically closed by Proposition 2.4. Since the family of closed semialgebraic subsets of a semialgebraic
set forms a basis of its topology, the other map of f ′ and f is a homeomorphism, which proves (3). 
Before giving the proof of the relative version of Theorem 1.2, we consider its special case where Y/G = X/G× I
(= B × I in the following) with some additional conditions.
Theorem 4.2. Let B be a semialgebraic set. Let G be a compact semialgebraic group and let W be a semialgebraic
G-set with the orbit space W/G = B × I such that the orbit structure is constant on each {b} × I for b ∈ B . Then
there are a semialgebraic G-set X with X/G ∼= B and a semialgebraic G-homeomorphism ϕ :W ≈−→ X × I of
semialgebraic G-sets (where G acts trivially on I ) such that the following diagram commutes:
W
π
ϕ
≈ X × I
B × I
Moreover, X can be taken to be π−1(B × {0}) and ϕ|π−1(B×{0}) :X → X × I to be the inclusion x → (x,0).
This theorem is a semialgebraic version of [2, Theorem II.7.1] originally stated in the topological category, and
the proof will be done similarly. However when dealing with semialgebraic objects, we always need to check the
finiteness, so we give the full proof.
Proof. It is obvious that the last statement follows from the previous ones.
By the usual double induction on dimension of G and the number of components of G, we may assume that the
theorem is true for the action of all proper subgroups of G. Let F denote the homeomorphic image of π−1(B ×{0})G
in B by the composition p ◦π where p :B × I → B is the projection to the first factor. Thus WG = π−1(F × I ). The
proof consists of four parts.
In part A we shall cover B − F by a finite number of open semialgebraic subsets U , and construct G-maps
μU :π
−1(U × I ) → G/H of U × I .
In part B we consider the slice S = μ−1U ({H }) (H  G), where the theorem holds for the H -space S by induction
hypothesis. From this, we construct a semialgebraic G-homeomorphism ϕU :π−1(U × I ) → π−1X (U) × I covering
the identity map of U × I , where πX :X → B is the orbit map of X.
In part C we paste ϕU ’s continuously to show that the theorem holds for the action over (B − F)× I .
In part D we finally prove the theorem for the given action.
Part A: Let K be a finite open simplicial complex which gives a semialgebraic triangulation of B compatible with
the orbit structure of B .
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This gives a semialgebraic G-map μu :π−1(u×{0}) → G/H . We want to extend this map to a semialgebraic G-map
μU :π
−1(U × I ) → G/H by successive applications of Proposition 3.4.
Let U(i) be the ith skeleton of U and consider π−1(U(i) × I ) for i = 0, . . . , n where n = dim(U). Since U(0) × I −
u × {0} = u × (0,1] is contractible and the orbit structure on it is constant we can apply Proposition 3.4, so we get a
semialgebraic extension μ0 :π−1(U(0) × I ) → G/H . Since each component of U(k) × I −U(k−1) × I is the product
of an open simplex of K with I , it satisfies the condition of Proposition 3.4, we can extend a semialgebraic G-map
μk−1 :π−1(U(k−1) × I ) → G/H to μk :π−1(U(k) × I ) → G/H . Finally, if we let μU = μn, part A is complete since
X − F can be covered by a finite number of U ’s corresponding to the vertices of K in B − F .
Part B: Let u ∈ B − F be a vertex of K and U be the star neighborhood of u in K . For H and μU :π−1(U × I ) →
G/H from part A, let S := μ−1U ({H }) and let T := S ∩ π−1(B × {0}). Then S and T are semialgebraic
H -sets with
S/H = U × I and T/H = U × {0}.
Let πHS :S → U × I be the orbit map. Since H = G, we can apply the induction hypothesis to the H -space S to get a
semialgebraic H -homeomorphism
ϕHU :S → T × I
commuting with their corresponding orbit maps S → S/H = U × I and T × I → T/H × I ∼= U × I . We then have
a semialgebraic G-homeomorphism
ϕU :π
−1(U × I ) → π−1X (U)× I
defined by the composition
π−1(U × I ) = G(S) ∼= G×H S
Id×HϕHU−→ G×H (T × I ) ∼= (G ×H T )× I ∼= π−1X (U)× I.
Part C: Since B − F can be covered by a finite number of open semialgebraic sets over which the result of the
theorem holds, we only need to construct a semialgebraic G-homeomorphism
ϕU∪V :π−1
(
(U ∪ V )× I)→ π−1X (U ∪ V )× I
commuting with their orbit maps.
Let ψ = ϕU ◦ ϕ−1V :π−1X (U ∩ V )× I
∼=−→ π−1X (U ∩ V )× I . Since ϕU and ϕV are the maps covering the identities
on U × I and V × I respectively and the orbit structure on each {b} × I is constant for b ∈ U ∪ V , they preserve
t-level for each t ∈ I , i.e., ϕU(π−1(U ×{t})) = π−1(U)×{t} and ϕV (π−1(V ×{t})) = π−1(V )×{t}, hence so is ψ .
Moreover, we can assume ϕU and ϕV are identities on 0-level.
Since ψ is t-level preserving we can define ψ1 :π−1X (U ∩ V )× I → π−1X (U ∩ V ) implicitly by
ψ(x, t) = (ψ1(x, t), t).
Since ϕU and ϕV are the identities on 0-level,
ψ1(x,0) = x.
Since U − V and V − U are disjoint closed semialgebraic subsets of U ∪ V , there exists a semialgebraic function
f :U ∪ V → I such that f = 1 on a neighborhood of U − V and f = 0 on a neighborhood of V − U (see [7,
Theorem 1.6]).
Define
ψ ′ :π−1X (U ∩ V )× I → π−1X (U ∩ V )× I
by ψ ′(x, t) = (ψ1(x, f (πX(x))t), t). Then ψ ′ is a G-homeomorphism covering the identity of (U ∩V )×I . Moreover
ψ ′ is the identity map on π−1((U ∩ V )× {0}).
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ψ ′ ◦ ϕV :π−1
(
(U ∩ V )× I) ∼=−→ π−1X (U ∩ V )× I.
If p1 ◦ π(w) is in the neighborhood of U − V where f = 1 we see that ψ ′ ◦ ϕU(w) = ψ ◦ ϕV (w) = ϕU(w). On the
other hand, if p1 ◦π(w) is in the neighborhood of V −U where f = 0, we see that ψ ′ ◦ϕV (w) = Id◦ϕV (w) = ϕV (w).
Thus ϕU∪V :π−1((U ∪ V )× I ) → π−1X (U ∪ V )× I defined by
ϕU∪V (w) =
{
ϕU(w), π(w) ∈ (U − V )× I,
ψ ′ ◦ ϕV (w), π(w) ∈ (U ∩ V )× I,
ϕV (w), π(w) ∈ (V −U)× I
is a well-defined semialgebraic G-homeomorphism.
Part D: Finally we prove the theorem for the given action. Since π−1(F × I ) is precisely the set of fixed points of
G on W , it maps homeomorphically onto F × I via π . Similarly π−1X (F )
∼=−→ F . Thus ϕF :π−1(F × I ) →
π−1X (F )× I is uniquely determined to cover the identity of F × I . Put ϕ = ϕB−F ∪ϕF , then it is continuous
by Lemma 4.3. 
Lemma 4.3. Let G be a compact semialgebraic group, and let X and Y be semialgebraic G-sets. Let Z be a semial-
gebraic subset of YG. Assume that we are given a continuous semialgebraic map ψ :X/G → Y/G and a continuous
semialgebraic G-map ϕ :X − π−1X (ψ−1(πY (Z))) → Y which covers ψ .
X − π−1X (ψ−1(πY (K)))
ϕ
πX
Y
πY
X/G
ψ
Y/G
Then, ϕ can be uniquely extended to a continuous semialgebraic G-map of X covering ψ .
Proof. For x ∈ π−1X (ψ−1(πY (Z))), uniquely define ϕ(x) by π−1Y ◦ ψ ◦ πX(x). Here we only need to check the
continuity of ϕ. Suppose we have y ∈ Z and x ∈ X such that ϕ(x) = y. Let V be an open neighborhood of y. Since
G is compact, we can always take a smaller invariant open neighborhood of y, so we assume V is invariant. Since
πY (V ) is an open subset of the orbit space Y/G, it follows that (ψ ◦ πX)−1(πY (V )) is that neighborhood of x which
maps into V by ϕ. 
Now let us translate Theorem 4.2 to its relative version. Let W and B be as above and let X = π−1(B × {0}).
Then, we know that W ∼= X × I . Let X− be a closed semialgebraic G-subset of X, and let A = X−/G. Suppose
there is a prescribed semialgebraic G-homeomorphism f :X− × I → X− × I which commutes with orbit maps and
is the identity on X− × {0}. Then the question is whether there exists a semialgebraic G-homeomorphism ϕ which
extends f , commutes with the orbit maps and is the identity on 0-level X × {0}.
Theorem 4.4. Let (X,X−) be a pair of semialgebraic G-sets such that X− is closed in X. Consider (X × I,X− × I )
where G acts trivially on I . Let f :X− × I → X− × I be a semialgebraic G-homeomorphism commuting with the
orbit maps. Suppose f is the identity of X− on 0-level, i.e., f (x,0) = (x,0) for x ∈ X−. Then f can be extended to
a G-homeomorphism ϕ :X × I → X × I which commutes with the orbit maps and is the identity on 0-level.
Proof. We shall follow the proof of Theorem 4.2. Let B = X/G, A = X−/G and ϕA := f for notational simplicity.
Let K be a finite open simplicial complex which gives a semialgebraic triangulation of B compatible with the orbit
structure of B as in Theorem 4.2 and compatible additionally with A. By replacing K with its barycentric subdivision
we may assume that a star neighborhood of a vertex of K meets with A if and only if the vertex belongs to A.
Let F = π(XG) as in the proof of Theorem 4.2. Fix a 0-simplex u ∈ B − F in K . Let U be the star neighborhood
of u and let UA := U ∩ A, then UA is the star neighborhood of u in A. Let ϕUA :π−1(UA) × I → π−1(UA) × I
be the map obtained from the restriction of ϕA on π−1(UA) × I . Then the problem is reduced to the construction
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inductive hypothesis on G, since the remaining parts C and D of the proof of Theorem 4.2 can be carried out similarly
without difficulty. Thus, for the rest of the proof we shall construct ϕU .
If u /∈ A (so UA = ∅) we just take ϕU = IdU and there is nothing to prove. So we assume u ∈ A. If type(u) =
(G/H), then H  G, since u ∈ B −F . Since UA is the star neighborhood of u in A, by Remark 3.6(2), we can find a
semialgebraic G-map
νUA :π
−1(UA) → G/H.
By Corollary 3.5 and Remark 3.6(2), we can extend νUA to a semialgebraic G-map νU :π−1(U) → G/H . This gives
a semialgebraic H -slice T := ν−1U ({H }) and hence a semialgebraic H -invariant subset T × I ⊂ π−1(U) × I . Let
TA := T ∩π−1(A) and consider a semialgebraic H -invariant closed subset SA := ϕ−1UA(TA × I ) ⊂ π−1(UA)× I . Then
ϕUA maps SA H -homeomorphically onto TA × I . On the other hand, SA is a semialgebraic H -slice in π−1(UA),
since it is an inverse image of {H } by a G-map νUA ◦ p ◦ ϕUA :π−1(UA) × I → G/H where p :π−1(UA) × I →
π−1(UA) denotes the first projection map. Again by Corollary 3.5 and Remark 3.6(2), we can obtain a semialgebraic
H -slice S in π−1(U) which contains SA. (More precisely, νUA ◦ p ◦ ϕUA :π−1(UA) × I → G/H can be extended to
a semialgebraic G-map π−1(U) × I → G/H , and S is obtained by the inverse image of {H } by the last extended
G-map.)
Now we have two pairs of semialgebraic H -slices (S,SA) and (T × I, TA × I ) in (π−1(U) × I,π−1(UA) × I ),
and ϕUA maps SA H -homeomorphically onto TA × I . Applying Theorem 4.2 to the H -space S with the orbit space
S/H = U × I , we get a semialgebraic H -homeomorphism S → T × I (note that T = (π |S)−1(U)) which commutes
with orbit maps. We denote the H -homeomorphism by Ψ . Note that Ψ (SA) = TA × I since Ψ commutes with the
orbit maps. Thus, ϕ′UA = ϕUA ◦ Ψ−1 maps TA × I onto itself. Apply the induction hypothesis on the acting groups to
this situation, we can extend ϕ′UA to a semialgebraic H -homeomorphism ϕ
′ :T × I → T × I commuting with the orbit
maps. By composing with Ψ we get a semialgebraic H -homeomorphism S → T × I which extends ϕUA |S . Since S
and T × I are H -slices in π−1(U), we get a semialgebraic G-homeomorphism
ϕU :π
−1(U) ∼= G×H S ≈−→ G×H (T × I ) ∼= π−1(U)
which commutes with orbit maps. Moreover, since the semialgebraic G-map ϕU coincides with ϕUA on SA and
π−1(UA) = G(SA), it is clear that ϕU extends ϕUA , this completes the proof. 
Now we are in a position to prove the following relative version of Theorem 1.2. Then Theorem 1.2 follows
immediately by letting X− = ∅.
Theorem 4.5 (Relative covering homotopy). Let G be a compact semialgebraic group, (X,X−) a pair of semialge-
braic G-sets with X− closed in X, and Y another semialgebraic G-set. Assume there is an orbit structure preserving
semialgebraic G-homotopy F ′ :X/G× I → Y/G. Suppose the restriction of F ′ to the subset X/G×{0}∪X−/G× I
can be lifted to a semialgebraic G-map
F0 :X × {0} ∪X− × I → Y
such that the following diagram is commutative:
X × {0} ∪X− × I F0
πX×I |
Y
πY
X/G× I F ′ Y/G
Then there exists a semialgebraic G-extension F :X × I → Y of F0 such that the following diagram is commutative:
X × I F
πX×I
Y
πY
X/G× I F ′ Y/G
82 M.-J. Choi et al. / Topology and its Applications 154 (2007) 69–89Proof. Consider the G-space (F ′|)∗Y , the pull-back of Y by F ′| :X/G× {0} ∪X−/G × I → Y/G, i.e.,
(F ′|)∗Y = {((z, t), y) ∈ (X/G× {0} ∪X−/G× I)× Y | F ′(z, t) = πY (y)}.
Then (F ′|)∗Y is a semialgebraic G-set, and by the universal property of the pull-back there exists a unique semialge-
braic G-map
ψ0 :X × {0} ∪X− × I → (F ′|)∗(Y )
defined by ψ0((x, t)) = ((πX(x), t),F0(x, t)) such that the following diagram is commutative:
X × {0} ∪X− × I
πX×I
F0
ψ0
Y
πY(F ′|)∗Y
X/G× {0} ∪X−/G× I
F ′| Y/G
Since F ′ preserves orbit structures, so does ψ0, hence ψ0 is a semialgebraic G-homeomorphism.
Now consider the pull-back W = (F ′)∗Y . Then W is a semialgebraic G-set with orbit space W/G = X/G× I and
the orbit map πW :W → X/G× I . Moreover we can see that
(F ′|)∗(Y ) = π−1W
(
X/G× {0} ∪X−/G × I),
hence ψ0 is a semialgebraic G-homeomorphism
ψ0 :X × {0} ∪X− × I → π−1W
(
X/G× {0} ∪X−/G× I).
By Theorem 4.4 we have a semialgebraic G-homeomorphic extension of ψ0
ψ :X × I → W = (F ′)∗Y.
(Although Theorem 4.4 is stated for the case W = X × I , since W is semialgebraically G-homeomorphic to X × I
by Theorem 4.2, we can extend ψ0 to ψ .) Thus from the pull-back diagram
X × I
ψ
Y
(F ′)∗Y
X/G× I
F ′
Y/G
we have a semialgebraic G-map
F :X × I → Y
which makes the above diagram commutative. 
5. Covering mapping cylinder conjecture
In this section we prove Theorem 1.3. If W is a semialgebraic G-set with the orbit space W/G = B × I , we call
π−1(t) and B × {t} the t-level of W and W/G respectively where π :W → W/G is the orbit map.
As in the previous section, we first prove the following special case: we slightly weaken the condition of Theo-
rem 4.2 by only assuming that the orbit structure of W is constant on π−1({b} × [0,1)) for each b ∈ B . We give the
statement and the proof for the relative case.
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over B × I with the orbit map π :W → B × I such that the orbit structure induced from that of W is constant on
each {b} × [0,1) for b ∈ B . Let (X,X−) be a pair of semialgebraic G-sets semialgebraically G-homeomorphic to
(π−1(B × {0}),π−1(A× {0})) with the orbit map πX :X → B . Suppose there is a semialgebraic G-map
ϕ :X × {0} ∪X− × I → π−1(B × {0} ∪A× I)
which commutes with the orbit maps. Then ϕ has a semialgebraic G-extension ϕ¯ :X × I → W which also commutes
with the orbit maps.
Remark 5.2. It is noticeable to see why the proof of Theorem 4.2 cannot be directly generalized to that of the above
theorem. In the proof of Theorem 4.2, after deleting all fixed points we had been able to apply the induction on G.
However, in the above theorem, the set of fixed points of W hardly takes the shape of F × I .
Proof. For simplicity we identify (X,X−) with (π−1(B × {0}),π−1(A × {0})). On B we can think two types of
orbit structures, obtained from the association B → B × {t} → {type(G/H)} (0  t < 1) and B → B × {1} →
{type(G/H)}. Let K be a finite open simplicial complex of B compatible with both orbit structures of B , so we can
assume that for every open simplex ˚δ of K the orbit structures on ˚δ × [0,1) and on ˚δ × {1} are constant respectively.
Additionally we take K to be compatible with A. We replace K by its barycentric subdivision.
We shall prove the theorem by induction on the dimension of B . When dimB = −1, the theorem holds trivially.
Assume that the theorem is true for (n − 1)-dimensional semialgebraic orbit spaces. Therefore we may assume that
the theorem holds for (n− 1)-skeleton of K .
Let δ be an n-simplex of K which is closed in B . By the induction hypothesis there is a semialgebraic G-map
ϕ :π−1X (∂δ) × I ∪ π−1X (δ)× {0} → π−1W
(
∂δ × I ∪ δ × {0})
commuting with the orbit maps, or equivalently covering the identity of ∂δ × I ∪ δ × {0}. It is enough to construct a
semialgebraic G-extension ϕ¯ :π−1X (δ)× I → π−1W (δ × I ) of ϕ which covers the identity of δ × I .
Since the problem is reduced from (B,A) to (δ, ∂δ), we may set W = π−1(δ×I ), (B,A) = (δ, ∂δ), and (X,X−) =
(π−1(δ × {0}),π−1(∂δ × {0})) for simplicity.
We construct the extension ϕ¯ by the double induction on the dimension and the number of components of G.
When G = {e}, since W ∼= B × I ∼= X × I , the extension ϕ¯ is uniquely determined. Assume the extension ϕ¯ exists
for proper semialgebraic subgroups of G. As remarked before the proof, the main difficulty arises at the fixed point
set of W when we apply the induction on G.
Let Z1 be the projection of fixed points in 1-level of W by the orbit map, i.e., Z1 = π(WG) ∩ B × {1}. From the
hypothesis of the orbit structure on W , we can easily see that if Z1 = ∅, then WG = ∅.
(Case A) Suppose Z1 = ∅. In this case we can proceed similarly to part A of the proof of Theorem 4.2.
(Step 1) We claim that there exists a semialgebraic G-map
μ :π−1W
(
B × {1})→ G/H,
for some subgroup H  G. In the construction of K , we replaced K by its barycentric subdivision, hence we can
make a sequence
∅ ⊂ σ1 ⊂ σ2 ⊂ · · · ⊂ σk = B × {1}
of faces of B × {1} such that σi − σi−1 has a constant orbit type for each i. Note that σi−1 is semialgebraically strong
deformation retract of σi and σi − σi−1 is semialgebraically contractible. Let type(σ1) = G/H . Then by successive
application of Proposition 3.4 we can find a semialgebraic G-map
μ :π−1W
(
B × {1})→ G/H,
which proves step 1.
(Step 2) We claim that there exists a semialgebraic G-extension μ¯ :W → G/H of μ.
Let us first construct a semialgebraic G-map
ν :π−1
(
A× I ∪B × {1})→ G/HW
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ϕ| :X− × I → π−1W (A× I ) ⊂ W.
The map X− × I → X− × {1}, (x, t) → (x,1) sending points of X− × I to its 1-level naturally reduces to a semi-
algebraic G-map π−1W (A × I ) → π−1W (A × {1}) which we denote by ν′. (To see this, first note that ϕ| is surjective
by Proposition 4.1(1). Also note that π−1W (A × [0,1)) ∼= X− × [0,1) and X− × I → X− × {1} is the identity on
X− × {1}. Thus ν′ can be defined as a set theoretical function, which is semialgebraic by Proposition 2.1(5) and is
continuous since ϕ| is semialgebraically proper.) Since ν′ is the identity on its 1-level π−1W (A × {1}), it can be ex-
tended identically over π−1W (B × {1}) which we again denote by ν′ :π−1W (A × I ∪ B × {1}) → π−1W (B × {1}). Let
ν :π−1W (A× I ∪B × {1}) → G/H be the composition μ ◦ ν′.
We now apply Proposition 3.4 to the pair (B × I,A × I ∪ B × {1}), to get a semialgebraic G-extension μ¯ :W =
π−1W (B × I ) → G/H of ν. Since ν is a semialgebraic G-extension of μ, we have proved step 2.
(Step 3) Let us construct a semialgebraic G-extension ϕ¯ :X × I → W of ϕ.
Set S = μ¯−1({eH }) and let T be the 0-level of S, i.e., T = S ∩ X = S ∩ π−1W (B × {0}). Note that ϕ maps
(T ∩ X−) × I into S: if x ∈ X−, then μ¯ ◦ ϕ(x, t) = ν ◦ ϕ(x, t) = μ ◦ ν′ ◦ ϕ(x, t), which implies that μ¯ ◦ ϕ(x, t)
is independent of t whenever x ∈ X−, so that μ¯ ◦ ϕ(x, t) = {eH } if x ∈ T ∩X−.
Since H is strictly smaller than G, by the inductive hypothesis on G we have a semialgebraic H -extension ϕ′ :T ×
I → S of the restriction of ϕ to (T ∩ X−) × I such that ϕ′ satisfies the desired properties for H . Now we can
construct a semialgebraic G-map ϕ¯ :X × I = G(T ) × I → G(S) = W to be G(ϕ′), then ϕ¯ commutes with the orbit
maps. Moreover, ϕ¯ extends ϕ|X−×I . It is not certain that ϕ¯ is the identity on 0-level. However, this can be remedied
if we replace ϕ¯ by ϕ¯ ◦ Φ where Φ :X × I → X × I is defined by Φ(x, t) = (ϕ¯−1 ◦ ϕ(x,0), t) where the value
ϕ¯−1 ◦ ϕ(x,0) ∈ X × {0} is identified with the value in X, which proves the theorem for case A.
(Case B) Suppose Z1 = ∅. In this case we proceed as follows. First we divide B × I into two parts L and U such
that Z1 ⊂ U and the points below Z1 are in L, see the figure below. Let δ be a semialgebraic simplex homeomorphic
to B . We consider δ × [0,2] = δ × [0,1] ∪ δ × [1,2]. We shall construct a quotient map q : δ × [0,2] → B × I
whose restrictions will be denoted by qL : δ × [0,1] → L and qU : δ × [1,2] → U respectively. We consider the pull-
back of W (π−1(L), π−1(U)) by q (qL, qU respectively), which will be denoted by W ∗ (W ∗L, W ∗U respectively).
The given semialgebraic G-map ϕ :X− × I ∪ X × {0} → π−1(A × I ∪ B × {0}) will define a semialgebraic G-map
ϕ∗ :X− × [0,2] ∪ X × {0} → π−1W ∗(∂δ × [0,2] ∪ δ × {0}). In this situation we shall construct a semialgebraic G-
extension ϕ¯∗ :X × [0,2] → W ∗ of ϕ∗ by separately constructing ϕ¯∗L :X × [0,1] → W ∗L and ϕ¯∗U :X × [1,2] → W ∗U .
Finally, we shall show that ϕ¯∗ can be reduced to a semialgebraic G-extension ϕ¯ :X × I → W .
(Step 1) Division of B × I into two parts L and U .
Let δ be a semialgebraic simplex homeomorphic to B , and let Z be the homeomorphic part of Z1 in δ obtained
from the homeomorphism δ → B → B × {1}. Let C be the complementary face of Z in δ, so that C is the simplex
generated by the vertices not included in Z. (Here because δ is not necessarily compact, we need to embed δ in a
standard compact simplex Δ and take the complementary face C′ of the closure of Z, and then take the intersection
of C′ with δ to be C.)
Let L ⊂ B × I be the homeomorphic image of the convex hull in δ × I generated by δ × {0} and Z × {1}, and let
U ⊂ B × I be the homeomorphic image of the convex hull in δ × I generated by C × {0} ∪ δ × {1}, see the figure
above.
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the quotient map sending y × [1,2] to y × {1} for y ∈ Z, where we denote by the same letters x, y the points in B
corresponding to x, y by the homeomorphism δ → B . Then qL and qU together define a quotient map q : δ×[0,2] →
B×I = L∪U . We define an auxiliary semialgebraic function α : δ×[0,2] → I by α = p2 ◦q where p2 :B×I → I is
the second projection, thus α(C×[0,1]) = {0} and α(F ×[1,2]) = {1}. Moreover, it follows that q(x, t) = (x,α(x, t))
after identifying δ with B .
Let W ∗ = q∗(W) be the pull-back of W by q .
W ∗ = q∗(W)
πW∗
W
πW
δ × [0,2] q B × I
Then W ∗ is a semialgebraic G-set with the orbit map πW ∗ :W ∗ → δ × [0,2].
On the other hand, X × [0,2] is semialgebraically G-homeomorphic to q∗(X × I ). To see this, consider a semi-
algebraic G-map q˜ :X × [0,2] → X × I defined by (x, t) → (x,α(πX(x), t)) where πX(x) denotes the orbit of x
in δ. Then, q˜ covers q and, by the universal property of pullbacks, we have a semialgebraic G-map from X × [0,2]
to q∗(X × I ), which homeomorphism by Proposition 4.1 since the orbit structures are preserved.
We want to translate the map ϕ :X×{0}∪X−×I → π−1(B×{0}∪A×I ) covering the identity of A×I ∪B×{0}
to a semialgebraic G-map
ϕ∗ :X− × [0,2] ∪X × {0} → π−1W ∗
(
∂δ × I ∪ δ × {0})⊂ W ∗
covering the identity of ∂δ × [0,2] ∪ δ × {0}. Note that X− × [0,2] ∪X × {0} q˜|−→ X− × I ∪X × {0} ϕ−→ π−1(A×
I ∪B × {0}) ⊂ W covers q , we have a semialgebraic G-map X− × [0,2] ∪X × {0} → W ∗ since W ∗ is the pull-back
by q of W . Thus, we obtain ϕ∗ by shrinking the range.
Let W ∗L = π−1W ∗(δ×[0,1]) and W ∗U = π−1W ∗(δ×[1,2]). We shall construct semialgebraic G-maps ϕ¯∗L :X×[0,1] →
W ∗L and ϕ¯∗U :X × [1,2] → W ∗U such that they are well attached to give an extension ϕ¯∗ :X × [0,2] → W ∗ of ϕ∗.
(Step 2) Construction of a semialgebraic G-map
ϕ¯∗L :X × [0,1] → W ∗L.
Note that the orbit types in W ∗L are constant along π
−1
W ∗(x × [0,1]) for x ∈ δ except for π−1W ∗(Z × {1}). On the
other hand, π−1W ∗(Z × {1}) is contained in (W ∗L)G, by Lemma 4.3, it is enough to construct ϕ¯∗L on X × [0,1]
− π−1X×[0,1](Z × {1}).
We shall apply Theorem 4.5 with the following setting.
X4.5 = X × [0,1] − π−1X×[0,1]
(
Z × {1}),
Y4.5 = W ∗L,
X−4.5 = X− × [0,1] ∪X × {0} − π−1X×[0,1]
(
Z × {1})⊂ X4.5.
Note that X4.5/G = δ × [0,1] − Z × {1} and Y4.5/G = δ × [0,1]. Let F ′ :X4.5/G × I → Y4.5/G be a homotopy
defined by
F ′
(
(y, s), t
)= (y, st) for (y, s) ∈ δ × [0,1] −Z × {1}, t ∈ I.
Then F ′(,1) is the inclusion map of δ × [0,1] − Z × {1} ⊂ δ × [0,1] and F ′(,0) maps to δ × {0}. Define a
semialgebraic G-map F0 :X−4.5 × I ∪X4.5 ×{0} → Y4.5 as follows. If ((x, s), t) ∈ X−4.5 × I ∪X−4.5 ×{0}, then (x, st) ∈
X− × I ∪X × {0}, thus (x, st) lies in the domain of ϕ∗. Let
F0(τ, t) = ϕ∗(x, st).
Moreover, it is clear that the following diagram is commutative.
X4.5 × {0} ∪X−4.5 × I
F0
πX4.5×I |
Y4.5
πY4.5
X /G× I F ′ Y /G4.5 4.5
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apply Theorem 4.5 to get a semialgebraic G-homotopy
F :X4.5 × I → Y4.5
which extends F0 and covers F ′.
Let F1() := F(,1). Then F1 is a semialgebraic G-map from X × [0,1] − π−1X×[0,1](Z × {1}) to W ∗L covering
the inclusion map of δ × [0,1] − Z × {1} ⊂ δ × [0,1]. Note that F1(x, t) = ϕ∗(x,1 · t) = ϕ∗(x, t) for all (x, t) ∈
X− × [0,1] −π−1X×[0,1](Z × {1}). Thus F1 defines ϕ¯∗L on X × [0,1] −π−1X×[0,1](Z × {1}), and step 2 is now complete.
(Step 3) Construction of a semialgebraic G-map
ϕ¯U :X × [1,2] → W ∗U .
Let ϕ∗U :X− × [1,2] ∪X × {1} → W ∗U be the map defined by attaching two maps ϕ∗|X−×[1,2] and ϕ¯∗L|X×{1}.
Note that W ∗U − π−1W ∗(Z × [1,2]) = π−1W ∗((δ − Z) × [1,2]) has no fixed points by G because the orbit type of
π−1W (x × [0,1)) in W is constant and greater than or equal to that of π−1W (x × {1}) in W . Since the orbit space of
W ∗U − π−1W ∗(Z × [1,2]) is (δ − Z) × [1,2] where (δ − Z) is again a semialgebraic simplex, we can apply case A to
this situation to have a semialgebraic G-map
ϕ¯∗U :
(
X − π−1X (Z)
)× [1,2] → W ∗U − π−1W ∗(Z × [1,2])
which extends ϕ∗U except for π
−1
X (Z)×[1,2], and covers the identity map of (δ −Z)×[1,2]. By Lemma 4.3, we can
extend ϕ¯ to a semialgebraic G-map uniquely defined on π−1X (Z)× [1,2], this completes step 3.
(Step 4) By attaching ϕ¯∗L and ϕ¯∗U along X×{1} we get a semialgebraic G-map ϕ¯∗ :X×[0,2] → W ∗ which extends
ϕ∗ and covers the identity map of δ ×[0,2]. Now we want to reduce it to a semialgebraic G-map ϕ¯ :X× I → W over
B × I .
Consider the composition X × [0,2] ϕ¯
∗
→ W ∗ = q∗(W) → W where the last map is obtained from the pull-back
diagram. Then the composition X × [0,2] → W , denoted by ˜¯ϕ, is a semialgebraic G-map covering q : δ × [0,2] →
B × I . On the other hand, X × [0,2] was also the pullback of X × I by q and the map X × [0,2] → X × I was
denoted by q˜ (see the step 1). Thus we have the following diagram, and we want to complete it by filling the lower
semialgebraic G-map.
X × [0,2]
˜¯ϕ
q˜
X × I W
Their corresponding orbit spaces and maps between them are illustrated in the following commutative diagram.
δ × [0,2]
q
q
B × I IdB×I B × I
If the dotted map is well defined as a set theoretical function, then the proof is complete since q and thus q˜ is
semialgebraically proper so that the dotted map is semialgebraic and continuous by Propositions 2.1 and 4.1. Thus we
show the well-definedness of the dotted map. Since q˜ is injective on π−1X×[0,2]( ˚δ × [0,2]), we only need to check the
well-definedness on π−1X×[0,2](∂δ × [0,2]). However, already ϕ| :X− × I → π−1(A × I ) defines a well-defined map
on X− × I = q˜(π−1X×[0,2](∂δ × [0,2])), hence the dotted map is well-defined. This completes case B. 
Theorem 5.1 has the following topological analogue.
Corollary 5.3. Let G be a compact Lie group, and let W be a topological G-space with π :W → B × I as its orbit
map such that the orbit structure on B × I is constant on each {b} × [0,1) for b ∈ B . Suppose B has open simplicial
complex structure such that the orbit type of each δ × {i}, i = 0,1, is constant for every open simplex δ of B . Let
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π−1(A× {0})) with the orbit map πX :X → B . Suppose there is a G-map
ϕ :X × {0} ∪X− × I → π−1(B × {0} ∪A× I)
which commutes with the orbit maps. Then ϕ has a G-extension ϕ¯ :X × I → W which also commutes with the orbit
maps.
Proof. It is not difficult to see that the proof of Theorem 5.1 can be translated to our topological situation except for
case B step 2. On the other hand, case B step 2 can be translated using the topological relative covering homotopy
Theorem A.3 in Appendix A. This proves the corollary. 
The following theorem is a restatement of Theorem 1.3. This was conjectured in [2, p. 98] for compact topological
G-spaces, and we now prove the conjecture affirmatively in the semialgebraic category without assuming compactness
of the semialgebraic G-sets. In the semialgebraic category, if a map is semialgebraically proper, there is no difficulty
to define a mapping cylinder of the map by Corollary 2.7.
Theorem 5.4. Let G be a compact semialgebraic group, and W a semialgebraic G-set. Suppose the orbit space
W/G has the form of a semialgebraic mapping cylinder defined by a semialgebraically proper map with the orbit
structure constant along generators of the cylinder less the base. Then W is semialgebraically G-homeomorphic
to a semialgebraic mapping cylinder of a semialgebraically proper G-map which induces the given semialgebraic
mapping cylinder structure on W/G.
Proof. As in the proof of Theorem 4.5, we shall prove the theorem by applying Theorem 5.1 to a pull-back.
Let f ′ :B → B1 be a semialgebraic map defining the mapping cylinder structure of W/G. Let F ′ :B × I → W/G
be the semialgebraic map induced from the structure of mapping cylinder, which is semialgebraically proper, and
consider (F ′)∗W , the pull-back of W by F ′. Let X = π−1(B × {0}) where π is the orbit map of W .
Note that (F ′)∗W → B×I satisfies the orbit condition in Theorem 5.1, i.e, the orbit structure is constant along each
b × [0,1) for b ∈ B . Thus (by setting X− = ∅ in Theorem 5.1) there is a semialgebraic G-map X × I → (F ′)∗W .
Compose this with the map (F ′)∗W → W , then the result gives a semialgebraic G-map F :X × I → W . Since F
covers the semialgebraically proper map F ′ :B × I → W/G, by Proposition 4.1, F is semialgebraically proper. Let
Y := π−1W (B1) and let f :X → Y be a semialgebraic G-map defined by f (w) = F(w,1) for w ∈ X. Then f is
semialgebraically proper since Y is closed in W . Now X × I ∪˙Y → W factors through X × I ∪˙Y → M(f ) → W
since the involved maps are all semialgebraically proper. Note that M(f ) → W is bijective and covers the identity of
W/G, so it is a G-homeomorphism again by Proposition 4.1. 
The following is the restatement of Corollary 1.4, whose proof is nothing but a topological interpretation of the
proof of Theorem 5.4 together with Corollary 5.3.
Corollary 5.5. Let G be a compact Lie group, W a compact topological G-space. Suppose W/G has the form of a
mapping cylinder with the orbit structure constant along generators of the cylinder less the base. Additionally, suppose
W/G has the form of a simplicial mapping cylinder compatible with orbit structure, i.e., W/G ∼= B × I ∪f B1, B
and B1 have simplicial complex structures, f :B × {1} → B1 is simplicial, and orbit types of each open simplex is
constant. Then W is G-homeomorphic to a mapping cylinder which induces the given mapping cylinder structure
on W/G.
Appendix A
One of the crucial ingredients of the proof of Theorem 4.5 is Corollary 3.5, whose proof requires some work
on actual construction of semialgebraic extensions. However a topological analogue of it is almost straightforward.
Indeed, we have the following.
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Let H be a closed subgroup of G, and let a G-map μ− :X− → G/H be given. Then μ− can be G-equivariantly
extended to an open G-invariant neighborhood of X−.
Proof. One can always embed G/H into a G-representation space Rn. Let V be an invariant neighborhood of G/H
in Rn which is G-retractible to G/H . By Tietze–Gleason theorem (see Theorem I.2.3 of [2]) we can extend X− →
G/H ⊂ Rn to a G-map μU :U → Rn where U is an open G-invariant neighborhood of X− in X. Let W = μ−1U (V ).
Then the composition W μU |−→ V → G/H , denoted by μ−, is a desired G-map, where the last map is the above
G-retraction. 
A topological space X is called completely paracompact if every open subset is paracompact. The following
theorem is a topological analogue of Theorem 4.4.
Theorem A.2. Let G be a compact Lie group, and let (X,X−) be a pair of G-spaces such that X is completely
paracompact and X− is closed in X. Consider (X × I,X− × I ) where G acts trivially on I . Let f :X− × I →
X− × I be a G-homeomorphism commuting with the orbit map. Suppose f is the identity of X− on 0-level, i.e.,
f (x,0) = (x,0) for x ∈ X−. Then f can be extended to a G-homeomorphism ψ :X × I → X × I which commutes
with the orbit map and is the identity on 0-level.
Proof. As usual we shall prove the theorem by double induction on the dimension and the number of components
of G. By deleting all fixed points from X and X × I we can assume X has no fixed points. Fix a point x ∈ X−. By
appealing to the inductive hypothesis on G we shall find an open G-invariant neighborhood U of x and construct a
G-homeomorphism ψU :U × I → U × I which extends f on (U ∩ X−) × I , commutes with the orbit maps, and is
the identity on 0-level. Then the remainder of the proof can be done similarly to the proof of [2, II.7.1] which is the
topological version of Theorem 4.2.
Since X is completely paracompact, so is X−, X/G and X−/G, especially all of them are normal. Let H = Gx .
Let T − be an H -slice of x in X− or equivalently let μ− :G(T −) → G/Gx be a G-map where G(T −) is an open
invariant subset of X−. By Lemma A.1, we can extend μ− to an open G-invariant neighborhood, so we can get an
H -slice T in X containing T − and satisfying T ∩ X− = T −. On the other hand, let S− = f−1(T − × I ), and by
extending the G-map μ− ◦ f |S− we have a new H -slice S in X × I . By taking smaller S and T , we can assume
S ∩ X × {0} = T × {0}. By applying [2, Theorem II.7.1], the topological version of Theorem 4.2, to the H -space S
with the orbit space S/H = T/H × I , we can find an H -homeomorphism Ψ :T × I → S which commutes with orbit
maps. Moreover we can assume Ψ is the identity on 0-level. Apply the induction hypothesis up to Ψ , we can extend
f |S− to an H -homeomorphism ψHS :S → T × I , commuting with the orbit maps and being identity on 0-level. Let
U = GT . By translating ψHS over G, we have a G-homeomorphism
ψU :GS ∼= G×H S
G×HψHS−→ G×H (T × I ) ∼= G(T × I ) = (GT )× I.
Since GS = (GT )× I , ψU is a G-map of U × I , we thus have found the required U and ψU .
We sketch the proof of the remaining part. If x /∈ X−, then take U = X−X− and apply [2, Theorem II. 7. 1] to the
G-space U × I with the orbit space U/G, we get a G-map ψU . Since X is completely paracompact we can attach the
ψU ’s as in part B of the proof of [2, Theorem II.7.1], thus we can obtain a G-map ψX :X×I → X×I . Now in general,
if X has fixed points, the previous arguments imply the existence of a G-map ψX−F : (X−XF )× I → (X−XF )× I .
Now ψX−F is uniquely extended to X × I by the topological version of Lemma 4.3, which completes the proof. 
Since Theorem A.2 is available, which is a topological analogue of Theorem 4.4, we can follow the proof of
Theorem 4.5 to obtain the following result.
Theorem A.3. Let G be a compact Lie group. Let (X,X−) be a pair of G-spaces such that X is completely para-
compact and X− is closed in X. Let Y be another G-space. Assume there is an orbit structure preserving G-map
F ′ :X/G× I → Y/G. Suppose the restriction of F ′ to the subset X/G× {0} ∪X−/G × I can be lifted to a G-map
F0 :X × {0} ∪X− × I → Y
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X × {0} ∪X− × I F0
πX×I |
Y
πY
X/G× I F ′ Y/G
Then there exists a G-extension F :X × I → Y of F0 such that the following diagram is commutative:
X × I F
πX×I
Y
πY
X/G F
′
Y/G

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